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Procedures used to compare the results from item response theory
. N .
" as. well as more traditional equating m?thods were described and critically

- analyzed._ The implications of the comparison of equipercentile, linear, X”
.« \ . .
one-parameter (Rasch), and three-parameter methods for equating twelve - \

forms of -each: of the fiVe tests of General Educational Development (GED) \\

were discussed. ,

The use of factor analyses to assess test dimensionality, eaamipa:'
"tion of»equating curves, examination of itqm parameter estimates for ex- o
tremes, comparison of equating sample'means and" variances, and .cross= -
validation analyses were reCDmmended for use by testing programs contem-

4

plating a switch.from traditional to item response theory equating. The

'
~

thf!e-parameterequatingnmthod produced unacceptable equating results--

’

pqgsibly‘because onlx,200 examinees pex'equating form were used. The one-

parameter (Rasch) method proﬁuced results which were as stable as those
hY

for the traditional,methods,pt P T*' T S, ‘ga
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'critically analyze the procedures used to compare the results from item -
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_ Comparison of. Four Procesure§ for Equating the Tests
. e ‘ ’ of General Educdtional Development

o
Most testing programs construct comparable forms of their tests

-

‘ for a variety of reasons such as maintaining test security and’ enablingf

an individual to take a test more than once. Appropriate test score'

equating procedures allow the forms to be used interchangeably without
‘serious question as to the comparability of common scale scores. Appro-t

priate test ‘score equating enables us to say that, "A score of 50 means

the same thing, whether it is earned on form 1 or form.2." While equi-

percentile and linear equating methods (Angoff, 1971) are the most widely

'-accepted procedures for equating tests, item response theory methods have -

‘

recently been advocated as being more flexible (Lord 1980 and. Wright and

’1 g s

Stone. °1980) e L

Many testing programs might want to convert from equipercentile

or linear equating to item response theory methods in order to gain this

additional flexibility. Although the conversion probably could be justi--'

e

fied|only if it were not accompanied by a loss in equating accuracy or f

precision, few systematic and objective procedures for comparing ‘the ade-

quacy of results from two or more equating methods exist.r Thus, ‘the ;7”

T e St

practitioner has no’ prespecified set of systematic and objective . proce-
dures to aid in choosing among competing methods. .

The major purpose of the present study was. to describe and

¥i
I3

” response as’ well as more traditional equating methods, as applied to the .
equating of twelve forms of each of . the five tests of General Educational

-A.Development (GED). The procedures included the use of cross-validation

“
. ’-

B
s
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response theory, and three-parameter logistic

]

\

' sionality of the GED tests.- ff .

individuals earn a high.school equivalency dip

o R . P .
; : )
T mvade . o : .
M W o W oL

Hﬂ w' Another purpose ﬁas to present-

|—.

parison of equipercentile, linear, one: .fxch) logistic item'“

»
4

Y espnyse theory methods
a ® / » .
for equating the CED tests.' The GED tests ar a
ES
tered to approximately one—half million adult
/

"evement tests adminis- ’
hlyear; qualified
{,or-certificate; “The . ©

impIications of the findings/for using item response theory methods t0f_l

equate the GED as well as o‘her tests were discussed.

- ~
- .

The test forms were administered to examinees in pairs (Design~II- i
Angoff‘ 1971) Although the procedures used to compare equating methods

-can be used with any equating design, most of them require the exiStence .

<
_-

& and use of a representative cross-validation group ‘which has taken,the

-

two equated forms. Also discussed was a procedure which can be used when

randomly equivalent groups of cross—validation examinees have taken the :

3 tvo_equated forms. The results from the equating methods were comparedv,

Y

‘- on the raw score scale. o ' ‘

Equating Reguirementsl

-
, [
.

'

.~Lord (1980) stated three requirements for methods of equating

' two'unidimensional tests. The_first;was referred to as equityt Assume

that‘a group oflindividuals of exactly the same ability has been identij
fied and that each individual has taken the same pair of equated test

forms Also, assume that the scores on the se¢ond form have been con-

e “verted to the score scale of the first form using the equating results.

"For equity to;hold, the distribution of scores on the first form must be

.-
~ -
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identical to the distribution of converted scores on the second “form. -
P / This property must hold for a group of. individuals at .any given ability. .,
Note that the equity implies that the distribution of scores on the two

}forms, after conversion to a common score scale, myst be identical for

'Iany group of individuals, egardless of the distribution of ability in
'the group..;, . ;/ 'f‘ o o ! ‘*f. ‘6 :' ’

-~
The second property was~referred to as invariance across groups *\ .

x

'For invariance to hold, the equating results must be. the same, regardless
a oy
'wof the group of individuals used to eQuate‘the tests.' - *%3

The third property is symmetry. That is, the equating should be ?
the same regardless of uhich test is equated to the scale of the other.
'This rules out, for example, linear regression as an equating method.

ord (1980) showed that equating of observed scores can.be ex-

‘ pected to meet: the -equity and invariance requirements only when the tests
to be equated are either identical, in which case equating would not beo
needed anyway, or perfectly reliable, a ‘condition which.wilﬁ.not occur
5in practice. It seems. reasonable however, that equabfng methods which
come closest to meeting the equity and invariance requirements for Sb-

. ‘. .
served scores should be preferred. s _
: ‘ A few empirical studies which examined the equity and invariance

L2
requirements have been completed. These are reviewed in ‘Kolen (1981).

N R,

In géneral the results are inconclusive as to which equating methods are ;

to be preferred in most practical situations. The relative degree to
which the requirement of equity was met was the primary procedure used
to compare the equating. methods in the present study. : » b

g fgo assumptions are required when item response theory methods }"

are-used'to'scale tests.b First, the . test must be unidimensional, or

.
2 .
. | R \) |




*alternatively,<the items. must exhibit the property of local independence "i o

. (Lord and Novick, 1968) Although ‘no completely datisfac ry.procedures‘ ;\E:f
N for assessing test dimensionality exist, Lord (1980) suggested using . ’ff;;f ;

'results from a factor analysis of the- inter-item tetrachoric correlation o
L3 A . \' » '
matrix This pr6cedure was ‘used in the present’study. - ‘,%" *; .

‘prespecified functiona1.~form _This assumption was addressed indirectly

jin the present study by comparing the equating results from'the itém re- -

. sponse and traditional equating methoas with respect to the equity require-

ment. _ ", I ?“ -
‘. ‘ s . 'The GED Tests .;‘\ A

£ . Y

© - The.GED tests are used t% evaluate learning in everyday life, ‘:“

.ienabling qualified individuals to earn high school equivalency diplomas
or\ certificates. rough the GED Testing Service of the Anerican Council
on Education, the tests were administered to nearly one-half million

‘ fcandidates in 1979. According to the GED Teacher 8 Manua1(1979, P. 5),

-

¢

i"The GED tests are, designed to measure,»as nearly as possible, the major
and lasting outcomes and skills generalIy associated with four’ years of
. regular high ‘sahool instruction._ o
The GED consists of. tests, in.each of five’subject matter areas.
The Writing Skills test (80 items) contains items in spelling, capitaliza-
" tion and punctuation, usage, sentence correction, and logic and organizar
tion. The Social Studies test (60 items) contain U.S. history, economics,
geography, political science, .and behavioral science items. The Science

- test (60 items) contains items from biology, earth sciences, chemistry,

and physics. The fourth test, Reading Skills (40 items), contains prac-




o . . . i - . . ) v, * y ? " . '\.
o tical reading, general reading, prose literature, poetry, and drama items.

The Mathematics tes ’50 items) contains arithmetic, geometry, And algebra

items. ,The items on the Mathematics test, for the most part, are story ..

T - .
.. A -

prqe\ems rather than straight computational items e
\ e AL - R

P Blocks of iféms, where two or more ‘items relate to a commort .

- ,astimulus,\\re included in substantiaI numbers on the Social Studies, -

Science, and Reading Skills tests. The common stimull consist.of passages,

[y

graphs, charts,/etc. Approximately one-third of the’ Social Studies items,

\

two?thirds of'thezscience items, and almo8t all of-the.Reading'Skills ;"

? items’are contained in common'stimulus blocks..'A more detailed descrip-

‘:ion of the tests is presented in the GED Teacher s Manual (1979), . -

Because of the apparent content heterogeneity of the GED tests and the

' inclusion of many common stimulus blocks assessment of th7/degree of uni—
R ,

dimensionality of each test prior to the item response theory analyses J,

¥

. seemed very desirable. . . . . o ' VV v ::?
n. . - . : | ' | | \l\
. Test Development =~ . ’ L ‘ 4 -
. o "pTwelve forms pfleach'of the five GED tests were -developed and

istandardized'by'the Educational Testing Service-(ETS) between becember* }ﬁ l_;v
’?.;ﬁ‘f974 and January 1978.’ The tests were constructed in conjunction with |
,5 subject-matter advisory panels.l In Spring 1977, the current GED tests »

_were standardized and equated using a carefully selected, stratified ran- ,g
.; "dom sample of'%igh school students in the United States. Kuder-Richardson
20 reliabilities of the fprms ranged from .84 to 95 across the five tests.,

>
}A variety of validity studies were also completed These studies and a -

2

'Tﬂmore complete deScription of the GED- development and standardization are

@

provided 1n E'I‘S (1978) o o
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' 1977 GED Equat g Sample. oo T

3
-

i, o The 1977 GED equating sample data were used in the present study,

el

.;';forvthis /;ason they will be described in detail. The desion formcbllect- -
_in; the data involved randomly sampling 294 school distrints stratified
-<by°public-private, geogfaphic region, and socio-economic status, ‘from
'among U S. school districts.‘ One high school was randomly sampled from
»each dist;ict and 22 students were to ‘be sampled from each school for use

"2 in the equating portion of ‘the studies. - - , - ) .

: The t"lvé GE£ test forms ihcluded in the presenc study he‘
;4 referred to as the anchor form and equating forms one through.e1:§:t.
‘Each examinee was administered the anthor form and one randomly selected
:equating form of twoﬁof the GED tests. The order in which the forms were '
administered was,counterbalanced. These procedures resulted An 2227 2278
.‘f_2267 2269 and 2244 usable anchor form/equating form pairs for the
L‘Writing Skills, Social Studies, Science, Reading Skills, and Mathematics
:4‘tests, respectively. Approximately 205 examinees Were administered each’
;equating form of each of the tests. , 4 |

.. Procedure

. L 7 . . . E— . .
i (I - . . . . o v . - )

. [ . . . B . P

l ‘ ‘ ‘J ‘ .

. . o Principal axis factor analyses were completed co‘examine the uni-

Idimensionality assumption. Tetrachoricwcorrelation macrices for each

test were factored using the gquared. multiple correlation of an item'with

@

all other it<:f;as communalities. The degree of unidimensionality ex-

hibited by each tesfwaa ssessed through examination of the eigenvalues. X

.
Twelve forms of each,of the fiVe GED tests were separately equated i

4

o using eﬁd.percentile and linea\§ equating, methods ag well as one—parameter

(Rasch) and threerparameter logistic estimated true seqre equivalents

N 3

- Es-_‘ ‘ ":L




v v ' ?...' -' 7 -
equating methods. The it‘\\garameter’eStimates were examined for extreme
r

values, the equating curves pere studied, and the equating results were

3

e compared using a cross—validation sample. The data source and the prdl
. - -
s cedures used for the equating and - cross-validation comprise the remainder

L

.

of tbis section.. .

Data Source . . o o -

The 1977 GED equating sample was used as the data’ source. Note' b
that examinees were administered the anchor form and one of the equating '
forms‘Bf a test.’ Whenever an examinee correctly answered either all or
none of the items on the anchor form or the. equating form, the examinee 8

- data for that test were removed from the present study. This procedure

. was followed because item response theory estimation procedures cannot .

v
e

: estimate the ability of individuals earning all or none correct on a form.‘

-

*_ Between 190 and 218 examinees took each test and equating fbrm combination.

~.

Twenty examinee records were then randomly selected, stratified

by geographic region and.socio-economic status, from each test and equating

form comhination., These examinees comprised the croas-validation sample

" 4

and were not used in the equating portion of the study. The remaining -
r

170 to 198 examinees perPtest and equating form combination will be re-* '\;g

-
.

ferred to as(the equating_sampleh '

)

. Equatinggnethodolggz
| Four equating methods were dsed to equate the GED forms using v
-the equating sample data. ‘Linear and equipercen\ile methods are discussed
together and referred to as traditional equating methods. One-parameter
logistic (Rasch) and thﬁee—parameter logisticumfhodsare discussed to-“'

[

gether and referred to as item response theory equating methods.

o . .‘i‘,\l‘ - - L - ) . - S




P S L . 8
Traditiogél;equating.' The anchor-and equating form pairs of each

b4

. test were equated separately. For example, the,l98 equating sample

. _':examinees taking both the ancbor form and equating form one of the Writing
W'Skills test were. ufed to equate form one’ to the anchor form raw score |

s scale. Method IArl described by Angoff (1971) ‘was. used for linear equat—
E = L ‘ R g . " €
fving and Method IArZ was used for equipercentile equating._ )

‘ ~For Iinear equating, whenever the anchor form equivalent of an .

- . equating form one ‘score was-above the highest possible score on the anchor

S
form, it was fixed at the - highest possible anchor form score. A similar

L

R procedure .was folloged whenever.the anchor form equivalent\Eas\below a

score -of- zero. ‘For. equipercentile'equating, linear interpolation, as -
'opposed to smoothing, wag’used when necessary. " Identical procedures were
'followed in the equating of equating forms one through eleven scores to
< . the anchor form,raw score scale for each of the five GLD tests.~

.u

Item regponse theory methods. The first steg in item response ’

s theory equating was to estimate -the item and ability parameters for the
: /one-parameter and three-parameter logistic models. The LOGIST computer
L progran of Wood Wingersky, and Lord (1976) was used for thisﬂpurpoé§
The anchor form and equétidg form one of the Writing Skills test'
will be used as an example. The item parameters for the 80 anchor form
items and the ability parameters for the 2 227 equating sample examinees'-
who‘took the Writing Skills test ;ere estimated using LOGIST. The ‘abil-
‘ity parameters for the ,198 examinees who. also were administered‘equating
form  one were then fixed._ These fixed ability. estimates along with the -
item responses of these 198° eXamineel were then entered into LOGIST...
Because.of small sample siiEs, the. "pseudo-chance" parameters for the f

L

" équating forms were fixed at the modal anchor form value Of the corre- .

) .o . . )
- . . . ) 8 ‘_ .




‘ponding anchor test.® This;produded equating form one itém parameters -

. _.;:_7 N

] " o - . - L e " . . B ) .- .
on the same scale as the anchor fornm, estimates. Similar prdcedures were -

- logistic models.

;models.

L e .. g,

These procedures wereoalso followed for- the other four GED cests using

~ .

both the one-parameter and three-parameter logistic 1tem respe&se theory

.

The next stage in the equating process was to derive anchor form °,

~ score equivalents of equating form scores using estimated' true score

»

quating (Lord 1980) The estimated true score of an examinee with a

s

5given estimated ability is equal to the sum, over-items, of the estimated

\-
.

‘brobability of correctly -answering each item. Using non-linear estimation

procedures, anchor form estimated true score’ equivalents of equating form

.one through eleven integer scores were calculated. The procedure was

N

v

e

. followed for equating forms ‘two through eleven of 'the Writing SklllS test: '

followed for the five GED tests using the - one-parameter and three-parameter 4

4.
3 - -

-

.

Note that estimated true scores below the estimated "pseudo-chance"

-~

“level of a test (the sum of the item "pseudé-chance”" parameter estimates)

" are undefined for’the three;parameter logistic model. Scores of zero on

s . . . T

any -pair of forms_ﬁere Arbitrarily considered tojbe.equivalent; Qmist;ng"

.

' 1The modal "pseudo-chanc level parameters were 0 150, 0. 165,/, ’

0.140, 0,200, and 0.150.for the GED Writing Skills, Social Studies,.

Sciénce Reading Skills, and Mathematics tests, respectively . .
2An attempt was, made to simultaneously estimate all of-the item

parameter logistic ‘model. LOGIST failed to converge, however. L
{1980, pp. 209-210) suggested a modification to the LOGIST program which :

'parameters on the 12 forms of the Writing Skills test using the - th;g;h
o o

could be expected to solve the convergence problem The simultaneous -

, procedure also could be expected ‘to produce more precise item parameter ~

estimates because the ability estimates would refleét petformance on all
items taken rather than the anchor form items only. - The authorsswere

' .unaware of Lord's mo?ification at the time this study was. conducted

.

_— ‘ '.‘.' - .l . ! ) . IERI . *
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"“; equivhlents belowthe pseudo—chance were arrived at v1a linear interpo-

A Ve

.

lation. Lord (1980, pp. 210x211) addressed‘"his 3/gblem in a slightly

-
- .

: different manner. L c s

v - . N

T - Cross—Validation Methodol gz

e . -‘} N ¢
- L.

"lﬁs twenty randomly selected examinees from each test and equating

l,',' form combination comprised the cross-validation sample. T‘e anchor form

\ & .
and equating form one scores on the Writing Skills test will be used as

". an example in the development of the cross-validation procedures.
. . ...\' - ° ‘. . . ).
P The twenty cross-validation sample examinee scores on equating
. L . “ -'lb - \

fo'm one- were converted to the anchor form score scale using the linear
method equatiﬁg table. Let X4 represent the score of cross-validation R

' sample examinee i on the anchor form of the Writing Skills test. Let Yi
represent the score of the ‘same examinee equating form one and ‘let Yi

: v
represent this equating form one score'converted toothe anchor form score'

. ¥ / Q N l . e - .

scale using the linear method equating table for converting.equating form

P -

Ce e one scores to the anchor form scale. The difference between the anchor

form score (Xi) and the convertea”equating form one score (Yi) for an

v examinee,. A ' L

o

. ,f*".-'“ o gni s TP

twenty appropriate cross—vdiidation examinees. However, this quantity

t

: can‘be broken down into further components. A ."‘ L




1

| In this equation n is the numher of cross-validation examinees (20 for
. O—

the present study) The first quantity to the right oft the equal sign

'ig the mean value of D, squared. This' qrantity represents the squared,
_mean difference between anchor form and converteﬂ equating form one scores.

=-/ It will be referred to as the measure of e ating bias. The second quan-
: r

’;;’/,tity .on the right represents the variance of the differences bé¢tween

'anchor form and converted equating form one scores and will be referred‘.

to as the measure of equating imprecision.

. - . N

: Equating bias and imprecision indices were computed separately .

N

.-for each.test and equating form combination. A one—way repeated’measures
analysis of variance was completed for each test and index combination.
: Form (eleven Jevels~equating forms one through eleven) was treated as the :

-u-random "subjects" factor and equating method (four levels) as the fixedf

: ,repeated measures factor. Tukey post-hoc paired comparisons were_also

",'us'éd.. ' ‘ ’ '
| Kolen (1981) developed a. cross—validation index which- is appro-:
' ipriate when randomly equivalent groups take the forms to be equated. The -
P -index. can also be applied when each examinee takes both tests, such as

in the-present stndy.,~ This index will be referred to as the- percentile-
. comparison index. SR - T -k-. e '~ _\: |
. C ”" The percentile comparison index is a measure of the dissimilarity

_c -

. between distrihutions of anchor form scores and converted scores on an
,'equating form.- To compute.this index, the cross—validation distributions :

'fwere tabulated and percentile ranks calculated separately for the anchor

s

' form and-eonverted equating form one scores. The percentile comparison
v/ “.index was formed by finding the difference hetween each observed anchor

- :form score "and the converted equating form Qne score’ with an identical




&

) imprecisionimeasures.

12

o .

- ‘»_ . . . . - ‘
percentile rank in the converted equating form ome distribution. 'Thys

R

ﬁn

difference was then weighted by thevnumbef of individuals earning the %

.anchor form score and'summed-over.the observed anchor form scores. The

equation is,
. . . ’ ‘
zf_i(xi —_ Yin)z .

n
. co ‘. . ' ‘

(3)

In the equation, Xi represents an ‘anchor form integer score, Yi" the

equating form one score with thé same percentile rank and £4 .the number

of examinees that earned Xi. Like the bias and imprecison indices,

smaller values indicate better performance for the equating method. Ré-

N
peated ‘measures analyses of variance were cqmpleted for’ the percentile

comparison ‘index in a manner similar to those completed for the bias and
. g L]

e

. . ',

*  Results

. - " .
' N Lo N » * J
: The eigenvalues and pe:EEntages of variiﬁce accounted for by‘each

of the first twelve factors in the factor analyses are presentéd in: . !

~ Table 1.  The ratios of the first.to second eigenvalue, a rough index of

e R n - ; “ - ~

\ | ' Insert Table ueoac‘

Here ' s

-unidimensionality, were 7.4 10.2, 7.4 9.3, ane/é.? for the Writing

Skills, Social Studies, Science, Reading Skills and Mathematics tests,

respectively. Only the Mathematics test approached having a substantial

second‘factor., Overall, the’ factor analyses suggested that all of the

tests except pOssibly Mathematiciﬁ were reasonably unidimensional.
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The item.parameter estimates wgre‘examined for irregularities.
Extreme three-perameter model difficulty estimates (absolute’ value' above
3. 5) were discovered for a aumber of items on the equating forms of the
Writing Skillsy Social Studies, and Science tests. Very few were found
on the Reading Skills and'Mathematic%'tests. These aré'reflected in the
: S

standard deviations of the three-parameter item difficulty parameter

estimates shown in Table 2.

Insert Table 2 About

- Here

Note that extreme three-parameter discrimination estimates were not re-

> . _ , . ‘ ;
flected in the standard deviations in Table 2. HoweVer, the discrimina-’/

' tion estimates were constrained between 0 and 2 by LOGIST. Also.'the/

1

:'discrimination index may not be on an equal—interval scale, differences
' -in parameter estimates near zero may’ reflect larger differences in dis-.\
'crimination than differences at other points. The fact that very low dis-

<crimination estimates tended’ to accompany the extreme difficulty esti- |

(

mates supports this notion. The one-parameter model prodﬁced no extreme

-

difficulty estimates across ‘all of the tests and forms It appears. that

_-problems were encountered in estimating the item parameters in the three—

17

'_ parameter model especially for the longer tests.

The equating relationships were also examined. Figure l preseqfs

. the ‘equating relationships hetween the anchor form and equatingvform one

T of the Reading Skills test. This pair of forms was chosen because

equating form one contained no extreme parameter estimates and the re-

ﬁ lationships were fairly representative.



-'Insgrt'Figure 1 About - ' . ' .
-, . ' " Here : . : .. ) \ .
‘ o S i o
[S N . . : / e ' : ~

~ Hote that the anchor form was generally less difficult than equating )

'form one. This ‘'was true for most forms studied. The mean anchor form

\

raw scores were generally from one to three points higher than their

equating form counterparts across all tests. This result is illustrated
L DU . S
in Figure 1. ' T . >

~

~In the figqre, the, three—parameter method produced the smallest

' anchor form equivalents of lower equsting form one scores. It also pro-

7.

duced the greatest anchor form- equivalents of the higher equating form

one scores. This result held for the most part, across all of the forms'

]

of the GED . tests studied. ' T 'f L

o v

o _ o For lG%er equating form one scores, the one—parameter metﬁod curve

,tended to be lower than the equipercentile curve which tended to be lower

-than the linear curve._ Ihe reverse appeared to hold for therhigher scores. '
| is relationship was present for most of the test forms studied._...k

.ot

The meaﬁs of this bias, imprecision, and percentile comparison
. - LY
e 'cross—validation statistics are pregented in Table 3. Tukey crftical dif—

S

]

ferences are also presented : “f . .

e . L e Insert Table 3 About.

Here

Due to the differences in test lengths, none of these indices should be .

compared across tests.

The three parameter method produced the largest bias index for

R each test, The Reading Skills and Social Studies examinations were the
S ;
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,

only tests for which the equating method F-test in the amalysis of vari-

" ance surpassed the .05 ‘critical value. However, the difference in bias

' gtatistics among methods were not appreci bly large.
The imprecision measure showed more substantial differences. -Tbe
Tukey comparisons indicated ‘that the three-parameter method was more im-'
orecise than the other methods for all tests. -No evidence of consistent
differences among the other methods was found.

G The percentile comparison measure for the three-parameter method

was largest for each GED test. While none of the paired comparisons sur-
'passed the Tukey.critical difference, Scheffé comparisons ‘of the three-‘

parameter method with the mean of the equipercentile, linear, and one- '

parameter methods surpassed the 05 critical value (df = 3 30) for

Writing Skills (F = 3 52) s Social Studies (F = 5. 72), Reading Skills .

l L]

(F.= 4 58), and Mathematics (F = 6 64)

Friedman Statistics (Conbver, 1971) were aéa.’n./cfﬁlatnav.'l for each of -

. Lac - .
f ‘the cross-validation indices and for ‘éach GED test ‘became the assumﬂtion

— g .

) of normality was probably violated in the analyses. Forms were treated

as blocks and equating methods as. treatménts in ‘the analyses. The Friedman .

-

statistics were not Eepgrtad here because the res-ults were essentially

equivalent, to t‘.he_analyses of _var_iance.l_,\:
Discussion . o :

‘Factor Analyses ' U e | R - .

" The- factor a‘nalyses suggested ‘that each of the GED tests, with
- the possible exception of the Mathematics test, were reasonable unidimen-
sional. This was suggested despite the fact that the GED- tests are, in :

general content §&terogeneous and contain many items which are presented

. -

N
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.as part of'a common stimulus block. -Since consistent differences between |
‘ . &
Mathematics test equating results and those for other tests were. not dis-

covered, ‘the. results of dimenionality differences, if any differences
did éxist, were dBt detected by'the procedures used. Unidimensionality ’

~may be crucial for item response theory scaling For this reaSon* its

N Ca o
; i methods.that includes item response theory methods. U f?/

$

)

"Examination of Item Parameter Estimates
. A =

The three—parameter estimation procedure produced a ngmber-of ex~
.treme parameter estimates, suggesting that difficulties were encountered
in'parameter estimation. Sincegthese‘hifficulties can be expected/to
affeqt equating.results, examination of item'parameter estimates for ex-
tremes should'be included‘in equating method comparisons. The existenceA
LA ',of\extreme unconstrained parameter estimates for item response ‘theory

-.models requiring constraints on other parameters to achieve convergence

suggest difficulties in item parameter estimation. - :

'y o

" Graphing of Equating Curves ‘ .

.

The graphing and examination of equating .curves suggested that a

relationship existed among the equating curves. The\relationships will
oy
be discussed later.~ Since relationships diScovered can have consequences-

\ -

very useful when comparing results from eguating methods.

~

’ Some.Factors Affecting the Cross-Validation o e

- The findings'from the cross—validation analyses necessarily de-

pended on all factors affecting'the»adequacy of the equating. Equating,-"

Tx




f of linear interpolation'bezz used in equipercentile equating or Lord's

. equated to the anchor fo

s | - 17

grpup sample size and the Fpecific’equatingvme,hods‘used.are such factors.

For\example, different findings might'have'occurred had smoothing instead

—

(1980, PP. 209-210) suggested modificationlto LOGIST for extensive imul-

: tanedus estimation been used instead of the simul taneous procedure used

" hera. Additionally, larger cross-validation samples can be expected to

increase the chances of detecting-differences_among equating methods when

differences do exist. - - ' ' o . \

4

~ The cross-validati indices were designed to reflect differences

between cross-validation anchor form and converted equating form (i e.,
‘raw score scale) distributions for examinees

taking both.forms. Unde equity considerations, the two distributions .

v

should be identical, apart from‘sampling error. . o <

e Y

Bias Index o "1 T ‘ fi" ' S c.

A bias index was calculated for: each of~the 55—ecst/equating'fnrm

combinations. This index was the squared difference'between the mean

anchor form and mean converted equating fonm scores and reflects both

,equating errot and zr:gr.in sampling examinees for the crossJValidation
’ 'group.‘ The three-parameter equating method tended to. produce the largest

' bias indices in the cross—validation.v

The larger bias indices for the three-parameter method may have

-z:reflected a combination of sampling enré! and imprecision rather than

bias, a8 such, where bias“is defined as\the mean difference between

- '

' anchor and converted equating form scores for an infinitely large cross—

'-validation group. Consider the following not- too unlikely scenario given R

[y

a cross—validation sample of size 20.1 Suppose that ‘there existed a single

-

b
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examinee in the cross-g idation sample with a very low score on’ bhe s
equating form. When converted to the anchor form scale using equating L
4 v - 18
. curves like those in Figure l ‘a lower converted score would be produced

for the three-parameter methods than for the other equating methods studied.
' If the sa@lf’ happened to contain no very high scores to compensate for -
the very low one, then the, bias index for the three-parameter method .

»  would be higher than the index for the other methods._ Other likely scena-’

.

_rios with the same implicat:ions,for the biasg index.are'p'o‘ssible with small
cross-va‘lidation samples.< The chances of this phenomenon occurring should

be. minimized as cross-vali'dationosample size increases. ‘ N -

» The mean difference between anchor and convert:ed equated form

-

‘.'scores, «over a.'l.l 220 cross-validation examinees taking the anchor and

equating forms 6f) each test; was calculated to inves.tigate this hypothesis..°_
s Although not presented here, the differedces in means ‘were smaller than

might have beEn expected from the bias indices shown in Table 3. In fact, _ " .

for the !-Iathematics tfest the mean difference for the three-parameter '
' - L] ’ ‘

method was ‘closer to zero. than the mean, difference for ‘the, other equating

methods. Hence, the bias index may have been strongly influenced by tie c.ombina- )
tion of imprecision and error in sampling the cross-validation group examinees . .
| " e meaning of" the larger bias indices fox the chree—r;a'rameter " )
- -method is unclear.r‘_ The bias index should be carefully interpreted when
- small 'cros's.-;ralidation sample.'si;es_;are 'used; > Coe
. : ' .r'.". " . .

i 'Imprecision Index
A separate imprecision index was calculated for each of the 55
test/equating form comhinations 'rhis index represents t@;nce of

' the difference between cross-validation anchor form and converted equating
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form comhinations. The three—parameter equating method consistently pro-
i duce the largest values of the imprecision index. - o ' n

The imprecisionindex can be decomposed such that, -

.B . o

1 =D)? 82 + 521 — Zryy’ sy ' (4)
-~ ~ ™ X 'y eIxy S\)\{Sy .

’ . . \ .
. ' - \ s
The quantities sx and 8y! are the observed standard deviations, for
examinees taking one of the - equating forms, of the anchor form and con-'

vekted equating form scores, respectively. The correlation between anchor

IS

form and.conyerted'equating form'cross-validation scores 1is repreSented
hy'rxyr. , ) ) . .

‘ When comparing the imprecision index from one equating method to
another, s; will remain constant. The quantities sy’ and Iy, ! cag vary,

however. For most forms studied, (;r was largest. for the three-parameter

. “

method. .The quantity\rxyr was not consistently largervor‘smaller for any

of the methods.: It appears that the larger iﬂprecision indices for the

¥

-
three—parameter metﬁod resulted from: comparatively larger variances of

'(<_v.‘ - 4 L
’ '_ converted equating form acores for this method than for any other.‘ In—-

o speqtion of Figure 1 suggests how this occurred. Low equating form scorea

. were converted to lowerkanchor fdrm scores for the three—parameter method
than for the other equating methods. High equating form- scores were con—'”;

4

K verted to higher anchOr form scores for the three-parameter than for the ‘

N

Jifi - other equating methods. This would be expected to lead to a larger vari-

i ance of converted equating form acores for the three-paramEter method

- and, therefore, a larger imprecision index.
. A prohlem with.the use’ of the.imprecision index is amplified by

considering equation (h) . It can be shown that the use of linear regres-'

sion, instead of linear equating, would be expected to 1ead to a smaller

q) .-~.

vt



value of the impracision index. Although linear regression does not .
Y

qualify as an equating method, since it does not meet the symmetfd??’

N

ment, an- equating method "could look better than it really was' if'it pro—t
% duced too small a va)iance of converted equating form. scores. The per-:

'centile comparison index was included as a potential procedure for cir-‘

cumventing this problem. ' . . L e

o2

‘Percentile Compari Index | P
The‘percentiie comparison index was formed byrcalculatiné the
. difference between each integer anchor formlscore and the converted equating
' form score having an identical'percentile rank in the cross—validation
sampie. bEach difference was squared and weighted by the pumber of crossﬁA,
validation examinees earning the correspogaiag anchor fori score. The '

. mdan of these squared_differenéesocompriSed the percentilevi mparison .-

~ index. _A.separate'index\;Es calculated for each of the 55 test/equating

.form comhinations. P N

IR o It seems that this -index will be larger whenever the vari?nces of ‘

~_ the anchor form and converted equating form cross-validacion scores differ.

¢ . ‘
(No proof can.be offered.aS*this is-a fai;;;,complicatedindex.) If this -
P ] ’ :

is true, then the problem of .an equating ethod "looking better than it'

really vas" which was mentioned in connection with. the imprecision index

Q_

would be eliminated with the percentile comparison index.-
. As th. the imprecision index, the percentile comparison index
Eéq\ed to be Y rgest. for the threerparameter equating,mechod. In both

cases, the larger variances of the converted equating £form distributions-

-
o

for ‘this method Were probably responsihle for the larger values of the
T . L , . R 3
\Sf\indices.‘i - ~ -
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Critique of CrossJVali ation Procedures S ' .
e . b ] . .

The cross-validation suggested that'the three-parameter item

response theory method produced‘inferior equating results. This was prob-

ably a’ rgsult of the three-parameter method producing- overly variable con-
verted'equating form_score distibutions. Figure 1 illustrated how this

. 2 . H
. . . ] . oF . . \
.probably occurred. .

L If the variances of the converted equating form scores of equating'

v
sample examiﬁzes (as»ogposed to cross-validation sample examinees) had

[ 4

been cal ulated, the variances fqor the three-parameter method probably
, would have been largest. 'these variances are\cyrrently-being examined

. o : , , s
; by‘the authors.) Therefore, computation of means and variances of equating

sample examinees have the capacity to provide useful information uhen_com-

A8

pleted prior to a cross-validation tudy. _
) ' ' ar s ' : .
. The percentile comparison index was the only cross-validation

P - R

index consideg;d that is appropriate when randomly equivalent groups take~}
;?' the anchor an equating forms in the cross-validation The bias and im-

precision indices require that_the cross-validatipn examinees take both

'forms Also, the percentile comparison index is probably not biased in
-favor of'a procedure like linear regression. However, it appears that ‘
. .
' -the percentile comparison index is less sensitive to differences among

: ",Hequating method results since it less consistently identified differences

&
T

2’7;‘dvthan did. the imprecision index. The percentile comparison along with the

N

“ibias and imprecision inditea should be used in equating method cross— ,j¢>

-

bvalidation studies. o

. . . . : .. . - .

- SO As mentioned previously, the bias index can be affected by equating

_imprecision for small samples. Since the-mean (bias) and variance (impre—-~
‘cision) of a distribution are generally not independent quantities, it _

may be beneficial to consider a composite index of the' two, only. R

_" "\ L - : ,
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Note that raw scores were used for all of the cross§-validation .

comparisons. If the rvaw scores were linearly converted to standard scores
. \ _ A
8o that each GuD test had the same mean and standard deviation, then the

.

indices could be compared across tests. We are currently attempting to

L _ _ \
use ‘standard scores. o :
e . .
@‘.‘}

.

Implications for Test Equat ng

TheLproblems encountered wi&h the three~parameter equating method
were a;’least partially avresult of small sample sizes and the methods o
used to estimate the parameters. In reviéw the ability parameters and
anchor form item parameters were estimated using over 2, 000 examinee
recd‘ds for each test.. The "ability parameters were then fixed as were
the lower asymptote ?arameters.‘ The difficulty/and discrimination paranr
eters were estimated, separately, for eacH of the equating forms ‘using
; from 170 to 198 records for examinees taking the form.: «Lh. L
| . The small sample sizes for the equating forms were probably\re—?
sponsible for the extreme parameter estimates discovered. Additionally,
it ‘was noticed that many examinee S scores on the anchor form and the
other form of a test E?ken were very differen&. A screening procedure,
_for removing examinees whose scores on the two forms were very different,.
.might have improved the situation. Lord's (1980, PP« 209—210) modifica-
'vtion of LOGIST for extensive simultaneous estimation might also have im-

3

‘proved the estimation.; , /

~

S A consistent relationship between the equating curves fon@the o
h » three—parameter method and other methods was found. An individual with '
- a lower equating form one score - would be penalized if the three—parameter

equating curve, as opposed to the curve for any other method was used ,

\
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. ‘ ’ 3 .
to convert the score to the anchor form scale. An individual with a

.

‘higher equating form one scoxe would have benefitted had the three-parameter
'equating curve, as opposed to any of the other curves,_been used to trans-.
form the score to the anchor form scale.

L] -

This might have resulted from the problem encountered in the
parameter estimation. However, in another study in’ which parameter esti-
. mation'did not'appear to be problematic Kolen (1979), discovered a simi-

lar reldt onship when scores on a form were converted to the scale of

-
&~ »
another form that was. slightly less difficult. Kolen (19810 hypothesized
that this resulted from the condensing of the estimatiﬁ true shore écale
. ' - \
.with the three—parameter model. That is, estimated ‘trye sdores below the
- . »

! pseudo—chance" level of the test (the sum of the lower asymptote param-
‘eters) do not’ exist. Hence, the . estimated true score scalg is a con—

"s‘a
densed versidn of the raw score scale.‘ T!is hypothesis takes’on greater

,weight when it is ‘realized that the equating curves seem to pass atmor -
l.very near the joint raw score means of the equated fgrms The condensing-
problbm can be avoided if estimated observed score- equating (Lord 1980)
‘were used instead of the estimated true ‘score equating used here.‘ o
) Any differences among the one—parameter (Rasch), equipercentilel\\¢//(
-and 1inear methods which might have existed were. not detected by the e

. ycross-validation procedures.: The use of the larger cross-validation |
H*;groups would be expected to lead. to discovery of these types of differ

" ences, if’ they aid exist.

. Conclusions’ , B T T

BEIN e §

The following procedures were found to provide useful information 'ﬁ;
- in a comparison of equating\methods "and should be considered for use in

]
* .

"future studiesu. . ;{Tf:f-.. A " - . _f;‘~ o .vf
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jﬁTetrachotic factor analyseslto assessuthefdegree of fest uni-

. dimensionality., .'}'fiiti:"'f ifﬂl .Tlpfx‘,*,’{' jh‘: ,'t}?r;.ﬂa;

' . a .. LG

7} S ““‘”{Qll; ;cratic results. -

o -§73{;3Examination of item parameter estimates for extreme estimates.u“

¢ .
..

&, _Comparison of the equating sample means and variances of anchor ﬂ_‘
ff¥wand converted equating form 8¢0res, - _:g"‘ ﬂ'?

"’Q'i:;i i;iﬁSQ'fCompletion of‘ancross-validation study including the ca1cula—

.‘L_i:;ipj:f tibn of bias, impreciaion, and percentile comparison indices.:

. "ihThe cross%v[f.dation analyses require the existence bf a representative f;"

L group of ”;:ﬁﬁ;ees who were administered both equated forms but were not,F
;:included in the equating. The percentile comparison index can still be )

V'sed when randomly equivalent groups of cross-validation examinees take :_fwf;

| Larger equating aample sizes and/or a modification of the estimdif;fj

:tion procedure.would be necessary hefore the three-parameter method could l“;
i;he suggested for equating the GED tests.s The other three equating methods
‘3';produced similar cross-validation results.u The onerparameter (Rasch) ﬁf;'

. u}.eQuating method can be expected to produce results which are as stable‘as j.,?:

i;The three-parameter equating,method 1s much.leas'stable in this situation..t;?

E Additionally, investigation of the possibility of score scale condenaing o

.,

‘»,.‘ .- . , ) : .
. PRI . . . . . . e, el R . . P . PR .
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R | Firat 12 Eigenvaluea and Percentage of Variance Accounted o
" for in Tetrachoric Factor Analysis of Anchor Forms
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R " Standard Deviation of Item Response .Theory Difficulty "~
~ and Discrim;na;ion.Parameter Egtimates.

S ' Parameter Estimate
: - C Number '——— : — ‘

Test ~ Form® lof = One Parameter Three Parameter Three Parameter
' ' Items ' Difficulty - .= Difficulty Discrimination

 Writing  Anchor - . 80 0,55 0,95 0.27

Skills - pouaring 880 . 0.52 2.9 7 0.3

Social . Anchor 60 050 . 0.9 ' 0.31

- Studles  pouaring 660  0.53  6.42 0.31

Science ' - Anchor - - 60 0.62 138 . 0.2

| Equating ~ 660 ' 0.53 - 7.98 . 0.30

' Reading = - ;hncﬁor' .40 o6l . - 0.9 0438

(Slls - pquating | 440 T0.57 - La8 - 0.29
 Mathematics Amchor 40 0.8L° 128 . 0.45
’ ' Equating = 440 - 0,78 . 1.6L 7 0.36 ¢

. *¥orm Equating refers to équating forms one thrqugh eléﬁen takén togethér.

Tk




, Table 3 1
- Mean Cross-Validation Indices and Tukey Critical Differences

LA N

. _ | quuating‘ "GED Tesf' j
.Ind_ex_' ‘Method : = Ol xZ -
) ' ‘Writing = Social Science Reading ‘Iathematics
_ . S_kills, ,Studies ) Skills
Bias I _ - o
E ,Equipercentile .. 3.4 - 1,27 5.02 - . 0.63 ' ‘l.‘03
Linear . - 2i98 1.30 4 4,82  0.61 1.1
" One Parameter .  3.24° 1,28 “4.38  0.63 - 1.13
' Three Parameter- 3.85 '\ 1.70 “5.28  1.04 ' 1.55
, T et 105 0.se 222 0320 a_'0.79fl‘“;“4
Imprecision L / . o -
Equipercentile = 63.02 ~ 48.85 48.10 - 22.36 28.76 .
Linear 61.81 . 47.93 47.12  21.93  28.77
One’ Parameter  66.25  50.23 49.75  22.26 31.85
Three Parameter 73.47  60.41 57.21 28.62  36.74
I“§:§¥§;23i231 Csi60x  B2L% 5.2b% 3IS% 3.79%
Percentile . '\ |
.. Comparison o . S ' _
Equipercentile - 17.07 15.05 13.99  7.69 7.99°
‘Linear 15.81 . 14.96 12.35. 7.26 7.3
' One Parameter  -16.31 © 14.67 -12.02 ° 7.18 8.3
| Three Parameter 20.20 ~20.72 €15.3%  10.15 .. 11.32
Tuﬁi%fcritical 4.S1% . 5.42% 4.53 2.95% 2,96
erer:ce ) s

*The. equating methods main effect surpassed

“in the’ analysis of variance.

the tS level of significanee- _
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. Figure 1 Equating relationships batween the anchor form and equating fo&:m one of
| the GED Read.tng Skills teat for four equating methods. N «




